158 Er at ultra-high spin have been studied in the framework of relativistic and non-relativistic nuclear density functional theories. Consistent results are obtained across the theoretical models used but some puzzles remain when confronted with experiment. Namely, the many-body configurations which provide good description of experimental transition quadrupole moments and dynamic moments of inertia require substantial increase of the spins of observed bands as compared with experimental estimates, which are still subject to large uncertainties. If, however, the theoretical spins assignments turned out to be correct, the experimental band 1 in 158 Er would be the highest-spin structure ever observed. The existence of nuclei with triaxial shape deformations has been a topic of active research since the early fifties [1, 2] . So far, there has been no clear evidence for nuclei that are triaxial in their ground states, and theoretical mass table calculations predict very few such candidates having fairly small energy gain due to triaxiality [3] . By far the clearest signatures come from the γ-ray spectroscopy of rotating nuclei since the angular momentum alignment of nucleons in high-j orbitals creates the shell structure which favors triaxiality at certain combinations of proton and neutron numbers, and specific rotational frequencies [4] . However, the evidence for existence of static triaxial shapes still remains scarce. It is generally accepted that the smooth terminating bands evolve gradually through the γ-deformation plane on approaching band termination [5] ; this feature is supported by the measurements of transition quadrupole moments [6] . The rotational bands associated with the rigid triaxial shapes show specific features that allow to distinguish them from axially symmetric structures. Here, excellent examples are wobbling [7, 8] • , TSD2 with ε 2 ∼ 0.34 and negative value of γ ∼ −20
The existence of nuclei with triaxial shape deformations has been a topic of active research since the early fifties [1, 2] . So far, there has been no clear evidence for nuclei that are triaxial in their ground states, and theoretical mass table calculations predict very few such candidates having fairly small energy gain due to triaxiality [3] . By far the clearest signatures come from the γ-ray spectroscopy of rotating nuclei since the angular momentum alignment of nucleons in high-j orbitals creates the shell structure which favors triaxiality at certain combinations of proton and neutron numbers, and specific rotational frequencies [4] . However, the evidence for existence of static triaxial shapes still remains scarce. It is generally accepted that the smooth terminating bands evolve gradually through the γ-deformation plane on approaching band termination [5] ; this feature is supported by the measurements of transition quadrupole moments [6] . The rotational bands associated with the rigid triaxial shapes show specific features that allow to distinguish them from axially symmetric structures. Here, excellent examples are wobbling [7, 8] and chiral [9] bands.
Triaxial superdeformed (TSD) bands represent another class of structures built on static triaxial shapes. Of particular interest are the bands recently observed at ultrahigh spins in the A ∼ 154 − 160 mass region. These are the bands seen in 154 Er [10] , 157,158,159,160 Er [11] [12] [13] [14] [15] , 157 Ho [12] , and 160 Yb [16] . As discussed below, the interpretation of these structures is still under debate. The cranking calculations of Refs. [17, 18] predicted that collective triaxial configurations with large quadrupole deformations become competitive for spins above 50 . More recent cranked Nilsson-Strutinsky (CNS) analysis of potential energy surfaces at the spins of interest have revealed the existence of three local minima [19] , namely, TSD1 with ε 2 ∼ 0.34 and positive value of γ ∼ 20
• , TSD2 with ε 2 ∼ 0.34 and negative value of γ ∼ −20
• , and TSD3 with ε 2 ∼ 0.45 and positive value of γ ∼ 25
• . (For consistency with earlier publications, we adopt the CNS labeling of triaxial minima in this work. Note, however, that DFT calculations yield γ−deformations that are typically smaller in absolute value than the ones obtained in CNS.) The early interpretation of observed TSD bands have invoked configurations built either upon the TSD1 minimum [10, 11] or TSD1 and/or TSD2 minima [13] .
However, the recent measurements of transition quadrupole moments of the TSD bands in 157,158 Er nuclei [19] ruled out -at least for these two nuclei -the interpretation based on the TSD1 minimum since the associated transition quadrupole moments of Q t ∼ 7.5 eb are significantly lower than the experimental values of ∼ 11 eb. In addition, it was shown in the recent self-consistent tilted-axis cranking (TAC) study [20] that the excited minimum TSD2 becomes a saddle point if the rotational axis is allowed to change direction, i.e., the mere appearance of TSD2 is an artifact of one-dimensional cranking approximation. The TAC work suggested the interpretation of observed TSD bands in terms of TSD3. Such option has also been considered in the CNS calculations of Refs. [19, 21] , however, no detailed study of it has been performed. On the contrary, a TSD2 scenario has been put forward in the most recent paper [21] . The goal of this manuscript is to perform the detailed analysis of the observed TSD bands within the self-consistent framework based on nuclear density functional theory (DFT).
Our calculations for
158 Er have been carried out within two complementary theoretical methods; namely, relativistic (covariant) DFT [22] and non-relativistic Skyrme-DFT [23] . Since the TAC analysis [20] does not indicate the presence of tilted-axis solution for the TSD3 bands, we apply the principal axis cranking approximation. Moreover, because of very large angular momenta involved, pairing correlations are neglected. The resulting schemes are referred to as the cranked relativistic mean field (CRMF) [24] and cranked Skyrme HartreeFock (CSHF). In the CRMF calculations, all fermionic and bosonic states belonging to the shells up to N F = 14 and N B = 20 are taken into account in the diagonalization of the Dirac equation and the matrix inversion of the Klein-Gordon equations, respectively. The NL1 [25] and NL3* [26] parametrizations are used for the RMF Lagrangian; according to the recent study [27] these sets provide a reasonable description of the deformed single-particle energies. In the CSHF calculation, we use the symmetry unrestricted Hartree-Fock solver HFODD (v2.49) [28] and the SkM* energy density functional [29] , which gives reasonable results in this mass region [20] . The CSHF calculation are performed in the stretched harmonic oscillator basis consisting of 680 basis states. The detailed investigations indicate that these truncation schemes provide a very reasonable numerical accuracy.
The results of the calculations for the configurations at, or slightly above, the collective yrast line, are summarized in Fig. 1 . The configurations can be divided into different groups according to their triaxiality and transition quadrupole moments in the spin range of 30 − 70 . Near-prolate configurations with |γ| ≤ 6
• are labeled AX. Their transition quadrupole moments are smaller than 9 eb so AX cannot be associated with the observed bands. Triaxial configurations with positive γ ∼ 10
• and transition quadrupole moments Q t ≤ 9 eb are labeled TSD1, while TSD2 are the configurations with negative γ ∼ −10
• . Triaxial configurations with positive γ ∼ 13
• and transition quadrupole moments Q t ≥ 9 eb are labeled TSD3; their single-particle content is given in Table I. As mentioned earlier, γ−deformations in DFT are usually smaller than those in CNS.
TABLE I. TSD3 configurations studied in this work. Each configuration is defined by the number of neutrons and protons occupying the four parity-signature (π, r) blocks: It is rewarding to see that the general structure of nearyrast bands predicted in 158 Er weakly depends on the DFT model/parametrization used. However, the relative energies of the calculated configurations do depend on model/parametrization, thus reflecting the differences in the predicted energies of the single-particle states. Nevertheless, in all three models employed in our study, the configurations TSD3 approach yrast at 70 , and TSD2 always appear excited at very high spins (which rules them out [20] ). It is also important to mention that the configurations belonging to the same group have similar rotational inertia (slopes) in Fig. 1 .
The configuration TSD3(a) -involving two protons in N = 6 shell and one neutron in N = 7 shell, i.e., π6 2 ν7
1 -is a possible CRMF candidate for the observed band 1. Single-particle CRMF-NL3* routhians corresponding to this configuration are shown in Fig. 2 that experimental value of Q t is subject to ≈ 15% uncertainty due to nuclear and electronic stopping powers, these values are reasonably close to experiment. Moreover, as seen in Fig. 3(a) , the experimental dynamic moment of inertia J (2) is rather well reproduced by assuming this configuration above the band crossing at low frequencies; the level of agreement with experiment is comparable to that earlier obtained for superdeformed bands in the A ∼ 150 region [24, 30] .
Our CRMF-NL3* calculations suggest that the jump in dynamic moment of inertia of band 1 at low frequencies (see Fig. 3 ) can be associated with a band crossing Fig. 2(b) . In CRMF-NL1, the interaction between these routhians is weak so it can be removed by going to the diabatic representation [5] .
However, the interpretation of band 1 in terms of TSD3(a) is not consistent with the current experimental spin assignments. A high-fold analysis of the intensity profiles at the bottom of band 1 in 158 Er, compared to feeding intensities into the known yrast states, has allowed an estimation of the highest spin reached by this band to be ∼ 65 [11] . At present, the uncertainty of this procedure is not obvious, however, the experimental error on spin assignment can be larger than 4 [31] . The comparison between experimental and calculated energies shown in Fig. 4 indicates that, to be consistent with TSD3(a), band 1 has to be observed in the spin range I = 35 − 77. If this were the case, band 1 would be the rotational structure observed at the highest spin ever. Considering the fact that this band carries only ∼ 10
of the respective channel intensity, i.e., two orders of magnitude less than the superdeformed yrast band in 152 Dy observed up to 68 [32] , this possibility cannot be excluded. If TSD3(a) is assigned to band 1, then the CRMF configuration TSD3(b) built upon TSD3(a) by exciting a neutron from N = 5 (r = +i) into 5/2[642](r = −i) is a natural candidate for experimental band 2. Indeed, as seen in Fig. 3, J (2) of this configuration is close to that of band 2, and its transition quadrupole moment is only slightly larger (by ∼ 0.7 eb) than that of TSD3(a). Similar to the case of TSD3(a), the increase of J (2) at low frequencies predicted for TSD3(b) is due to an unpaired band crossing with a strong interaction between the ν1/2[770](r = +i) and N = 5 (r = +i) orbitals. If this assignment is adopted for band 2, we must conclude that this structure is observed in a spin range I = 46−68, which again exceeds the experimental estimate [11] by 8 .
According to CRMF calculations, an alternative configuration for band 1 can also be suggested. This is the TSD3(c) configuration obtained from TSD3(a) by particle-hole excitations of two neutrons, see Fig. 2(b) . Although TSD3(c) somewhat underestimates experimental J (2) , in a spin range of I = 34 − 66 this configuration has Q t = 11 − 10.4 eb that is closer to experiment. In addition, the comparison of theoretical and experimental energies in Fig. 4 suggests that this configuration is consistent with the spin range of I = 29 − 71, which is closer to experimental estimates.
The problem with this interpretation is that TSD3(c) is never predicted very close to yrast (see Fig. 1 ). While the excitation energy of this configuration is relatively low in CRMF-NL3*, it is substantially larger in CRMF-NL1. It is interesting to note, however, that shifting the neutron N = 5 level -from which the associated particlehole excitations are made -by roughly 1 MeV in NL3* results in a lowering of TSD3(c) so that it becomes competitive with TSD3(a) in the range of I = 60 − 70. The analysis of the deformed single-particle states at normal deformations [27] indicates that such a possibility cannot be excluded.
Similar results have also been obtained in our CSHFSkM* calculations. Since the corresponding shell structure is slightly different as compared to CRMF-NL3* and CRMF-NL1, the energetics of TSD3 bands predicted in CSHF is altered. For example, the lowest TSD3 configuration predicted in CSHF is TSD3(b); it was labeled D in Ref. [20] . This configuration can be assigned to band 1. The configuration TSD3(a) is excited by ∼1 MeV with respect of TSD3(b). As seen in Fig. 3(b) , the dynamic moment of inertia of TSD3(b) above the low-frequency band crossing is lower than that of experimental band 1 and J (2) of CRMF TSD3(b). The latter maybe due to the particular choice of SkM* functional but the different treatment of time-odd mean fields in the CSHF and CRMF [33, 34] is also likely to contribute. The dynamic moments of inertia of TSD3(b) in CSHF shows an unpaired band crossing at Ω x ∼ 0.73 MeV, which is absent in experiment. However, this should not prevent us from assigning band 1 to TSD3(b) since the crossing frequencies strongly depend on relative energies of participating levels, which are not very accurately described in DFT [27, 35, 36] . A similar effect is also seen in the CRMF-NL3* and CRMF-NL1 results for TSD3(b) in Fig. 3(a) , which predict a high-frequency unpaired band crossings at frequencies which differ by as much as 0.1 MeV. As discussed in Ref. [20] , the calculated transition quadrupole moment Q t = 10.7 eb of TSD3(b) is close to experiment. The comparison between experimental and calculated energies in Fig. 4 indicates that band 1 would have to be observed in the spin range of I = 31−73 if TSD3(b) were assigned to this band in CSHF.
In CSHF, band 2 is assigned to TSD3(d) -a configuration built from TSD3(b) by promoting one neutron from the [N = 5](r = −i) routhian into 1/2[651](r = +). The dynamic moment of inertia of this configuration is lower than the experimental one and the transition quadrupole moment of this configuration is Q t ∼ 10.6 eb. The corresponding γ−deformation of this configuration is ∼ 11
• . If this configuration assignment is adopted, band 2 should be observed in spin range I = 44 − 66, which again is higher than experimental estimates of Ref. [11] .
If experimental spin assignments (I = 23−65) are used for band 1, then -according to Fig. 4 -only the AX, TSD1, and TSD2 structures of Fig. 1 can be considered as possible candidates for the observed band. However, the transition quadrupole moments predicted for AX and TSD1 are too small to explain experimental data. The results of Ref. [20] indicate that TSD2, which is predicted higher in energy in CSHF, is unphysical. This is consistent with the situation seen in Figs. 1(b) and (c) . However, in CRMF-NL3* variant of Fig. 1(a) we find a TSD2 band that competes in energy with TSD1 up to I ≈ 62. Here, a possibility that TSD2 represents a physical structure -a scenario advocated in Ref. [21] -cannot be ruled out.
In summary, properties of triaxial superdeformed bands at ultra-high spin in 158 Er have been analyzed in the framework of relativistic and non-relativistic DFT. The results obtained in these two theoretical frameworks are consistent. In particular, experimental transition quadrupole moments Q t and dynamic moments of inertia are well described by TSD3 (π6 2 ν7 1 ) configurations having large quadrupole moments and positive γ ≈ 10 − 15
• . The calculated spin assignments associated with these bands substantially exceed experimental estimates, which are still subject to large uncertainties. On the other hand, configurations which agree with experimental angular momentum assignments significantly underestimate dynamic moments of inertia and transition quadrupole moments. If the theoretical spins assignments of Fig. 4 turned out to be correct, the experimental band 1 in 158 Er would be the the highest-spin structure ever observed. The current study stresses the need for more precise measurements of Q t and reliable estimates of spins in these bands.
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